Introduction
[2] The flow of glaciers has a bi-modal character. Where the temperature at the interface between ice and underlying substrate is below the pressure-melting point, ice flow primarily results from internal deformation associated with the viscous properties of glacial ice. Depending on the geometry of the glacier, velocities associated with this mode of flow are typically on the order of 1 -100 m/yr. Glacier discharge can increase ten-fold or more where the basal ice reaches the pressure-melting point and a lubricating water layer forms, allowing the ice to slide column-wise over the substrate at speeds that can reach several km/yr. Consequently, for modeling drainage from glaciers and ice caps, one of the important processes to consider is the thermal regime at the base of the ice.
[3] Glacier ice is an excellent thermal insulator and heat generated at the glacier bed is primarily used to warm the basal ice. The two main heat sources are viscous heat dissipation due to vertical shear and friction at the glacier base, and geothermal heat originating from within the Earth. While viscous dissipation can be adequately incorporated into numerical ice-flow models, the magnitude of geothermal heat remains poorly constrained, not in the least because of the inaccessibility of the glacier bed and consequent lack of reliable measurements. The usual approach is to adopt a value appropriate for the type of basement rock and apply the same value over the entire model domain. While this may be a reasonable approach when modeling smaller ice masses, it remains questionable how well this assumption of constant geothermal heat flow applies to the large polar ice sheets in Greenland and Antarctica.
[4] The distribution of present-day basal melt under the Greenland ice sheet has been predicted using a highresolution, three-dimensional thermomechanical ice-sheet model [e.g., Huybrechts, 1996] . Assuming a geothermal heat flux of 42 mW/m 2 -typical for Precambrian shields - Huybrechts [1996] found that most of the ice sheet is frozen to the bedrock and melting is confined to lower elevations in the northeast and western regions. However, there is a growing body of evidence suggesting more extensive basal melting in the central region of northern Greenland. Fahnestock et al. [2001a] determined age-depth relationships and basal melt rate from ice-penetrating radar in northern Greenland and detected high basal melt, in places up to 0.2 m/yr, under the onset region of the Northeast Ice Stream and its southern tributaries. This basal melt requires a geothermal heat flux much greater than the estimated continental background of 57 mW/m 2 [Sclater et al., 1980] and Fahnestock et al. [2001a] speculate that the inferred large heat flow may be of volcanic origin. Similarly, at the base of the NGRIP deep ice core, drilled on the ice divide 170 km northwest of the onset region of the Northeast Ice Stream, the observed basal temperature is at the pressuremelting point [Anderson et al., 2004; Dahl-Jensen et al., 2003] . The basal melt rate at NGRIP reaches 7.5 mm ice per year, and the modeled geothermal heat flux is between 90 and 160 mW/m 2 along the flow line originating 50 km upstream of the drill site [Dahl-Jensen et al., 2003] . Again, the origin of the large geothermal heat flux remains unidentified. Ice-penetrating radar profiles show bright bed reflections in many locations in northern Greenland, indicating the presence of lubricating meltwater at the glacier base.
[5] Several factors may affect the magnitude of the geothermal heat flux, including age and type of basement rock, current and past volcanic activity, crustal thickness, and the presence of radiogenic sources in the crust [McLaren et al., 2003 ]. Here we investigate topographic effects which have long been known to influence the local heat flux. The motivation for this study is the observation that many of the major drainage routes in the Greenland ice sheet are associated with subglacial valleys. Many of these valleys are narrow and not well-captured on the continentalscale bed-elevation map, but can be readily seen on icepenetrating radar profiles, or inferred from seismic traverses. In northern Greenland, airborne radar profiling has identified a number of narrow channels such as the one under Petermann Glacier shown in Figure 1 . Ekholm et al.
[1998] detected increased IPR reflections over this bedrock channel which they interpreted as an indicator for water transportation in the channel. On the surface of the ice sheet, this channel is marked by a pronounced depression. Similar channels were detected in east Greenland under the Kangerlugssuaq and Helheim glaciers. Seismic profiling indicated that Jakobshavns Isbrae on the west coast overlies a deep U-shaped trough incised up to 1500 m into bedrock and approximately 6 km wide at the top [Clarke and Echelmeyer, 1996] . Recent airborne radar-echo sounding has shown the channel under this glacier to be much deeper and narrower than previously inferred from seismic profiling ( Figure 2 ) Lohoefener et al., 2006] . Similarly, the ice stream in northeast Greenland is associated with a basal valley. This ice stream is of particular interest because onset of enhanced flow occurs at low flow speeds and close to the present ice divide, suggesting localized heating at the glacier bed [Fahnestock et al., 2001b] . We propose that such localized heating is partly associated with pronounced basal topography.
[6] The realization that the pattern of heat flow from the Earth's deep interior is distorted near the surface by topographic relief dates back to the early twentieth century, based on observations in alpine tunnels that showed intensification of heat flux in valleys and attenuation by ridges [e.g., Lees, 1910; Beardsmore and Cull, 2001 ]. This topographic effect arises because of the distortion of isotherms beneath the valley. Relatively elevated isotherms on the sides of the valley plunge deeper beneath the valley floor, but the isotherms are much closer together beneath the valley -especially at the valley corners -and further apart beneath the brink. Consequently, valleys experience an increased isotherm gradient, and hence increased heat flux. Lees [1910] derived an analytical solution for an idealized mountain range which can be inverted to obtain heat-flux perturbations in a valley. In the absence of radio-active heat generation in the crust, the increase in heat flux for a valley with a depth-to-width ratio of 0.5 is approximately 50% according to Lees' solution. Subsequent studies have refined calculations and extended solutions to more general topographies. Yet, within the glaciological community these variations have not received much attention despite the potentially important feedback between the basal thermal regime and ice discharge. Nobles and Weertman [1971] discussed briefly how variations in heat flux associated with subglacial topography may affect the rate of sediment deposition by in situ melting of debris-rich basal ice, but did not provide a quantitative estimate of the magnitude of heat-flux variations.
Heat Flux Anomalies in Subglacial Valleys
[7] To evaluate the effect of pronounced local subglacial topographic relief on geothermal heat supplied to the base of the Greenland ice sheet, we conducted calculations of the heat flux for idealized channel geometries approximating those shown in Figures 1 and 2 . Our model is based on the solutions for heat flow through a plane slope derived by Lachenbruch [1968] . The subglacial valley is approximated as a channel with a horizontal floor and two sides with constant slope incised into flat bedrock. Heat-flux anomalies are obtained by adding the anomalies associated with each valley wall. As Lachenbruch noted, this provides a lower estimate for the heat-flux anomaly, as it ignores interactions between the two valley walls. The presence of a large slope on the left modifies heat flow through the slope on the right, and vice versa, and this interaction further modifies heat flow through each valley wall, etc. While it is possible to bracket the range of the combined heat flux anomaly, such refinements are not warranted for this exploratory study. The motivation for adopting the Lachenbruch model is that this allows different angles to be prescribed for the valley walls, whereas Lees [1910] solu- Figure 1 . Ice-penetrating radar profile across a subglacial trench under Petermann Glacier, northwest Greenland. This trench, with a depth of 500 m, is overlain by 2 km thick ice. tion applies to a smooth cross-sectional profile with only the height-to-width ratio as variable parameter.
[8] Consider first the subglacial valley shown in Figure 1 . The approximated cross-sectional profile is shown in Figure 3 (top) and consists of a 15°slope on the left and combined 9°(lower part) and 3°(upper part) slopes on the right. Calculated heat-flux perturbation is shown in the lower panel and is characterized by a strong negative anomaly at the left brink, where the bed starts sloping down, and concentration of geothermal heat at the toes of the sloping walls. Because of the gentler slopes on the right, the peaks are less pronounced on that side of the valley. These large localized anomalies are likely muted for Greenland subglacial trenches that tend to have smoother transitions from plateau to slope to valley floor. Within the main valley, the geothermal flux perturbation is about 25% of the background geothermal heat flux. As energy considerations require, the integrated heat-flux perturbation is zero and increased heat flow in the valley is compensated by decreased heat flux on the walls and the regions adjacent to the valley.
[9] For the valley in Figure 3 , geothermal heat flux anomalies are relatively modest, primarily due to the gentle slopes of the valley walls. The second example, shown in Figure 4 , refers to an adopted valley geometry based on cross-sectional transects from radar soundings on Jakobshavn Isbrae (Figure 2 ). For simplicity, the valley is taken to be symmetrical with the same slope angle for both valley walls (45°). The width of the valley floor is 0.5 km, and the depth of the valley is 1800 m. The estimated minimum normalized heat flux perturbation is shown in Figure 4 (bottom). For this geometry, the flux anomaly in the center of the valley is about 100% of the background geothermal flux.
[10] The magnitude of heat flow anomalies is determined by the intensity of the topographic relief, that is, by the steepness of the valley walls, and by the width of the valley. For a vertical cliff, the heat flux at the brink all but disappears, while near the toe the heat flux may more than double. As the slope becomes less steep, heat flow anomalies decrease. Similarly, the geothermal anomaly in the valley decreases rapidly with distance from the toe and becomes negligible for distances that exceed two or three times the valley depth. Thus, topographic control on geothermal heat supplied to the glacier base is only of importance where the subglacial trough is deep and narrow and bounded by steep walls. For wider valleys bounded by steep walls, concentration of geothermal heat is restricted to the outboard regions of the valley close to the toes of the walls.
Implications for Basal Thermal Regime
[11] The results shown in Figure 4 suggest that geothermal heat flux under the fast-moving Jakobshavns Isbrae is $100 % greater than the regional average flux. The continental background geothermal heat flux is ca. 57 mW/m 2 [Sclater et al., 1980] , and this would be increased to approximately 115 mW/m 2 in the subglacial trench, and greater near the trench walls. To evaluate how this increase may affect the thermal regime at the glacier base, the steadystate temperature profile derived by Robin [1955] is used.
[12] For the case of a frozen bed, the difference between the temperature at the glacier base and that at the surface is given by [van der Veen, 1999, p. 182] 
where G represents the geothermal heat flux, H the ice thickness, K = 2.10 W/m K is the thermal conductivity of ice, and
with M the surface mass balance and the thermal diffusivity k = 34.4 m 2 /yr. Keeping the surface temperature fixed, a change in geothermal heat flux DG results in a change in basal temperature given by
Adopting values applicable to Jakobshavn (H = 2500 m, M = 0.5 m/yr, DG = 50 mW/m 2 ) an increase in basal temperature of ca. 12°C is obtained. Of course, such a large warming likely will raise the basal temperature to the pressure-melting point, rendering the Robin temperature solution invalid.
[13] Where the basal ice is at the pressure-melting temperature, extra geothermal heat will be used to melt basal ice. The rate of basal melting can be estimated from
where the specific latent heat of fusion is L f = 333.5 kJ/kg, and the density of glacier ice is r = 917 kg/m 3 . With DG = 50 mW/m 2 the melt rate is 5 mm/yr, or more than half the estimated melt rate at NGRIP [Dahl-Jensen et al., 2003] .
Discussion
[14] Potentially, an important feedback between increased heat flow in subglacial channels and deepening of the channel through erosion exists. Numerical model experiments on large-scale glacial erosion suggest that an initially modest basal depression may develop into a deep trench bounded by uplifted bedrock [Oerlemans, 1984] . This lateral uplift occurs as a result of the strength of the lithosphere and flexure associated with the greater ice load in the trough. As the trough deepens, more geothermal heat will be concentrated in the valley, thus facilitating glacier flow further. Additionally, glacial erosion typically produces U-shaped valleys with relatively steep walls [Harbor et al., 1988] , which would further concentrate geothermal heat into the valley. We posit that this positive feedback facilitated the development of the basal temperate layer observed on Jakobshavn Isbrae.
[15] Modeling of englacial temperatures of Jakobshavn Isbrae suggests a basal layer of temperate ice under the lower 200 km of the ice stream [Funk et al., 1994] , but observations are lacking to confirm this result because the temperature profile measured on the ice stream did not reach the bed and extended to about two-thirds of the ice thickness below the surface [Iken et al., 1993] . Funk et al. [1994] attribute the existence of this temperate basal layer to high deformational heating associated with the large driving stress. According to sensitivity experiments, decreasing the geothermal heat flux by 20% has an insignificant effect on the thickness of the temperate layer [Fabri et al., 1992] . This may be because the basal ice is at the pressure-melting point throughout the temperate layer and no geothermal heat can be conducted upwards. Thus, geothermal heat causes melting from the glacier base but does not otherwise affect the temperate layer. It is not clear from the sensitivity study of Fabri et al. [1992] how basal melt rates are affected by a change in geothermal heat flux.
[16] The temperature modeling described by Funk et al. [1994] focuses on the current temperature distribution of Jakobshavn Isbrae and its environs, and comparison with profiles measured in boreholes. While that model compares favorably with the observations, it does not explain how the temperate layer formed. There is no evidence that such layers are widespread so a simple feedback involving strain heating may not fully explain the existence of the temperate layer. This suggests that the increased geothermal heat flux may have played an important role in the development of this basal layer. As the channel deepened, geothermal heating at the base gradually increased, thus raising the temperature of the basal ice. This, in turn, leads to enhanced shearing and heat released by internal deformation, further increasing the basal temperature of the ice.
[17] Concentration of geothermal heat in valleys and troughs will enhance basal melting and evacuation of eroded materials through the subglacial drainage system. Countering this would be deposition of sediments by melting of debris-laden basal ice [Nobles and Weertman, 1971] . Where net deposition occurs, enhanced geothermal flux may provide enough heat to increase basal melt rates, allowing the sediments to weaken as they become watersaturated. This, in turn, could increase ice discharge as frictional resistance at the glacier base is lowered.
Concluding Remarks
[18] The calculations presented here indicate that smallscale pronounced basal topography can significantly alter the geothermal heat flux and thus influence the thermal regime at the base of glaciers. Concentrated heat flux in narrow and deep valleys can result in warming of the basal ice layers by several degrees or, where the basal ice is at the pressure-melting point, enhance the rate of basal melting.
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